Abstract. In the auroral lower-E and upper-D region of the ionosphere, plasma clouds, such as sporadic-E layers and meteor plasma trails, occur daily. Large-scale electric fields, created by the magnetospheric dynamo, will polarize these highly conducting clouds, redistributing the electrostatic potential and generating anisotropic currents both within and around the cloud. Using a simplified model of the cloud and the background ionosphere, we develop the first selfconsistent three-dimensional analytical theory of these phenomena. For dense clouds, this theory predicts highly amplified electric fields around the cloud, along with strong currents collected from the ionosphere and circulated through the cloud. This has implications for the generation of plasma instabilities, electron heating, and global MHD modeling of magnetosphere-ionosphere coupling via modifications of conductances induced by sporadic-E clouds.
Introduction
At lower-E/upper-D ionospheric altitudes, roughly between 80 and 120 km, high density meteor plasma trails and sporadic-E layers develop within a lower density background plasma. While the former are persistent, highly elongated, and relatively short-lived structures, the latter, much rarer events, are pancake-like clouds that span tens to hundreds of kilometers in horizontal direction and live for several hours or longer. For a review of sporadic-E layer observations and theory, see Whitehead (1970 Whitehead ( , 1989 ; Mathews (1998) ; Kirkwood and Nilsson (2000) . These enhanced density regions Correspondence to: Y. S. Dimant (dimant@bu.edu) coexist with a macroscopic electric field sustained by external dynamos (Kelley, 1989) . In addition, neutral winds with a component perpendicular to the magnetic field produce an effective external electric field in the neutral frame of reference. Such external fields polarize the highly conducting cloud, redistribute the electrostatic potential within it and in the background ionosphere, and form a large-scale current system. This can be important for generation of plasma instabilities, electron heating, electrodynamic coupling between the ionospheric E and F regions, and, through modified ionospheric conductance, even for global ionospheremagnetosphere coupling. Bristow and Watkins (1994) performed global 3-D simulations of sporadic-E formation and dynamics, but their coarse mesh did not allow 3-D electrodynamics. Haldoupis et al. (1996) suggested a mechanism of a sporadic-E cloud polarization by an external electric field in order to explain type 1 radar echoes from the midlatitude E-region ionosphere. In their semi-quantitative analysis, they used a slab model of the sporadic-E cloud, infinite in the north-south direction. Tsunoda (1998) and Maruyama et al. (2000) applied a similar approach to explain the generation of quasi-periodic echoes (Yamamoto et al., 1991; Ogawa et al., 1995; Pan and Tsunoda, 1998) . Shalimov et al. (1998) and Shalimov and Haldoupis (2005) applied ideas similar to those from the seminal papers by Farley (1959 Farley ( , 1960 ) by including ionospheric current closure and using a more realistic 3-D slab model. However, their theory relied on approximate scaling arguments rather than on a rigorous solution of the underlying differential equations. That is why their model describes no spatial distributions of fields and currents. Furthermore, Shalimov et al. (1998) and Shalimov and Haldoupis (2005) used artificial equation splitting which is invalid and they ignored vertical slab polarization, as we discuss in Sect. 4. Hysell and Burcham (2000) ; Hysell et al. (2002) ;720 Y. S. Dimant and M. M. Oppenheim: Plasma cloud in ionosphere: effect of external field Yokoyama et al. (2004) performed 2-D and 3-D numerical simulations of cloud polarization, current closure, and E-F region coupling, including the recently predicted sporadic-E instability Tsunoda, 2002b, 2004; Tsunoda et al., 2004; Tsunoda, 2006) . These simulations give spatial distributions of the electric field but, being performed for particular cases only, provide no parameter dependencies as we will provide. In this paper, we study the basic process of the cloud polarization and current closure through the ionosphere, based on a rigorous, albeit simplified, analytic theory. Our objective is to improve the previous theories by developing a selfconsistent analytical approach with reasonable simplifying assumptions. This yields is a reliable parameter dependence of the major characteristics of the process and identifies the most important physical factors. In this paper, we focus on the electrodynamic aspect of cloud polarization, neglecting the feedback of the currents and fields onto the cloud structure and evolution (Rozhansky and Tsendin, 2001; Dimant and Oppenheim, 2006a,b) . For simplicity, we assume infinite and homogeneous background ionosphere and external field. In this case, the ionospheric current closure does not include the interaction of the given plasma cloud with other clouds and the F-region ionosphere (Shalimov and Haldoupis, 2005) . Also, we do not include wind shears and gravity, that cause large-scale instabilities Ogawa et al., 2002; Cosgrove and Tsunoda, 2001 , 2002a . As in the majority of other theories, we use a "water-bag" model of the cloud, which implies a uniformly distributed plasma density within a given boundary surface. Instead of a slab model, however, we use a 3-D ellipsoidal ionosphere-cloud interface, which allows a rigorous analytic solution for the electrostatic potential and currents in the entire space. The analytic solution becomes possible via use of renormalized variables and a series of coordinate transformation that reduce the entire plasma problem to a classical solution for an ideally-conducting ellipsoid embedded in vacuum with a given external field. Recently, we have developed such an approach for elongated meteor plasma trails (Dimant et al., 2009) . In this paper, we generalize this approach and extend it to pancake-like sporadic-E layers.
The analytic theory of this paper represents a step toward a quantitative understanding of the sporadic-E-ionosphere electrodynamic interaction. The key parameter dependencies identified here can serve for prediction of possible regimes of field and current formation within and around sporadic-E layers. The quantitative estimates of fields obtained in this paper can be used for simple estimates of threshold conditions of instabilities at various spatial scales. This is an important step in understanding coherent radar signals observed at mid-and high latitudes, including midlatitude quasi-periodic echoes. The strong currents predicted to flow through the plasma cloud and the ambient ionosphere can modify the ionospheric conductance at high latitudes, with possible implications for global modeling of magnetosphere-ionosphere coupling. The simple analytic theory can serve as a guidance for more accurate and comprehensive studies.
The paper is organized as follows. Section 2 describes our physical model and introduces transformed coordinates for use in the remainder of the paper. Presuming a uniform electric field within the cloud, we give in Sect. 3 a general solution for the electrostatic potential outside it. In Sect. 4, we prove the above presumption, calculate the internal field, and close the entire solution for the general case of oblate ellipsoidal clouds. In Sect. 5, we discuss in detail an important particular case of a round plasma cloud, which can be considered as a reasonable model of a typical sporadic-E layer. Readers interested in a simplified system may skip directly there. Section 6 summarizes our model assumptions and the major results. Appendix A presents the mathematical details of coordinate transformations, while Appendix B discusses an extended (rod-like) cloud, such as, e.g., a meteor plasma trail and finds the plasma density restriction for the elongated-structure solution as presented in Dimant et al. (2009) .
Description of general model
We employ a simplified model of the plasma cloud, approximating it with a uniformly dense pancake-like structure with a sharp boundary. This cloud is embedded in a tenuous homogeneous ionosphere with a uniform DC electric field sustained by an external dynamo. We apply a Cartesian coordinate system with the axes x 1 and x 2 in the horizontal plane, while x 3 is directed along vertical, see Fig. 1 . Below, we align the coordinate axes x i with the major axes of the cloud, so that we do not require x 1 to be directed along the magnetic meridian or some other Earth-related horizontal direction. The geomagnetic field, B, is directed at an angle θ to the horizontal surface (the inclination, or dip, angle), while its horizontal projection has an angle ϕ to the x 1 -axis. While θ can be arbitrary (without loss of generality, 0 • ≤ θ ≤ 90 • ), we focus on middle and high latitudes, so that θ is not close to zero. As a result, the external electric field, E ext ⊥ B, has a significant horizontal component, which plays the major role in the effect under study.
For the interface between the two different plasmas, the dense plasma of the cloud and the tenuous ionospheric plasma, we choose a 3-D ellipsoid with the principal axes aligned with the coordinate axes, (1)
For sporadic-E layers, we assume that the vertical thickness of the ellipsoid is much less than the two horizontal semiaxes,
x 3
. Schematic geometry of the cloud and successive coordinate transformations xi → Xk (described in detail in Appendix A). The original cloud is shaded blue. Axes x1,2,3 are aligned with the principal semi-axes of ellipsoid; axis X 3 is along B, X 2 (not shown) is perpendicular to x3 and X 3 , and axis X 1 is perpendicular to X 2 and X 3 . Further, θ is the angle between x1 and B, while ϕ is the angle between the x3X 3 -plane. The cloud rescaled by , Eq. (7), is shaded yellow; χ is the angle between X 3 and X3; the final axes Xk are aligned with the principal axes of the rescaled ellipsoid.
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while its horizontal projection has an angle ϕ to the x 1 -axis. While θ can be arbitrary (without loss of generality, 0
, we focus on middle and high latitudes, so that θ is not close to zero. As a result, the external electric field, E ext ⊥ B, has a significant horizontal component, which plays the major role in the effect under study.
For the interface between the two different plasmas, the dense plasma of the cloud and the tenuous ionospheric plasma, we choose a 3D ellipsoid with the principal axes aligned with the coordinate axes, 
For sporadic-E layers, we assume that the vertical thickness of the ellipsoid is much less than the 4 Fig. 1 . Schematic geometry of the cloud and successive coordinate transformations x i → X k (described in detail in Appendix A). The original cloud is shaded blue. Axes x 1,2,3 are aligned with the principal semi-axes of ellipsoid; axis X 3 is along B, X 2 (not shown) is perpendicular to x 3 and X 3 , and axis X 1 is perpendicular to X 2 and X 3 . Further, θ is the angle between x 1 and B, while ϕ is the angle between the x 3 X 3 -plane. The cloud rescaled by , Eq. (7), is shaded yellow; χ is the angle between X 3 and X 3 ; the final axes X k are aligned with the principal axes of the rescaled ellipsoid.
In Dimant et al. (2009) we assumed that for meteor plasma trails a 3 ∼ a 2 a 1 . As shown in Sect. B, the more general results obtained in this paper cover that case as well. Unlike meteor trails which are symmetric with respect to the magnetic field in the trail cross-section (Dimant and Oppenheim, 2006a) , the alignment of the sporadic-E layer ellipsoid with respect to B is arbitrary (without loss of generality, 0 ≤ ϕ ≤ 90 • ). In this paper, we calculate the distributions of the electrostatic fields, E = −∇ , and current densities, j = ← → σ E, within and around a given plasma cloud, rather than the feedback of the developed fields to the cloud structure and evolution (Rozhansky and Tsendin, 2001; Dimant and Oppenheim, 2006a,b) . Here, is the electrostatic potential and ← → σ is the conductivity tensor proportional to the plasma density. The spatial scales of these distributions are usually many orders of magnitude larger that the typical Debye lengths, so that our electrostatic problem reduces to solving the quasineutrality equation,
in a conducting medium with an imposed external electric field, E ext , sustained by an external dynamo. In the upper D/lower E region ionosphere between 80 and 115 km of an altitude, electrons are strongly magnetized, ν e e , while ions are unmagnetized, ν i i . Here, ν e,i are the mean rates of electron-neutral and ion-neutral collisions, and e,i = eB/m e,i are the electron and single-charge ion gyrofrequencies, where e is the elementary charge, m e,i are the electron and average ion masses, m i 30 amu, and, for this study, we use ν e 10ν i . Under these conditions, the electron response to the electric field is sharply anisotropic with respect to the direction of the magnetic field. In a plasma with a given density n ≡ n e ≈ n i , the total current densities are given by
where E = −∇ , E ⊥ = −∇ ⊥ , andb is the unit vector along B. In the fluid approximation, the total parallel, Pedersen, and Hall conductivities at the altitudes of interest are given by
where (e.g., Dimant and Oppenheim, 2006a) 
To solve Eq. (3), we will perform a series of coordinate transformations similar to those made by Dimant et al. (2009) . These transformations consist of several sequential steps described in detail in Appendix A. First, we rotate the coordinate system in order to align one of the new coordinate axes with the magnetic field. Second, we rescale the corresponding coordinate to make the total parallel and Pedersen conductivities into Eq. (3) equal. This results in an effective rescaling and rotation of the ellipsoidal cloud, so that the ellipsoid equation loses its simple canonical form. To restore it, we make a final coordinate rotation, which aligns the coordinate axes with the principal axes of the rescaled ellipsoid.
To the first-order accuracy with respect to small parameters
and a 3 /a 1,2 , see Eq. (2), the entire coordinate transformations from x i to the final coordinates X k , X k = 3 i=1 (∂X k /∂x i )x i , and back, x i = 3 k=1 (∂x i /∂X k )X k , are given in matrix form by 
Here the angle η, in the range of 0 ≤ η ≤ 180 • , is uniquely determined by
The Jacobians of these transformations are given by
so that the renormalized plasma density in the transformed coordinates, N, is related to the original plasma density, n, as N = n/ . The current density transforms according to
, where E X k and J X k are the X k -components of the electric field and current density, respectively, and E i and J i are the corresponding components in real coordinates, x i . We note that E ⊥ = ∇ ⊥ responds only to the coordinate rotations and remain unaffected by the coordinate rescaling along B. In particular, the total magnitude of the external electric field, E (0) ⊥ B, remains invariant with respect to the entire coordinate transformation from
X |. At the same time, E = −∇ increases in the new X k -coordinates by a large factor of −1 .
In the X k -coordinates, the cloud boundary remains an ellipsoid with the rescaled semi-axes,
where
The restrictions of Eqs. (2) and (7) make the rescaled ellipsoid even more flattened than it was in the original coordinates,
One can check that Eqs. (10) and (13) simplify drastically in certain limiting cases. For θ ≈ 90 • , we have η ≈ ϕ, A 1 ≈ a 1 , and A 2 ≈ a 2 . For a disk-like ellipsoid, a 1 = a 2 (or for an arbitrary ellipsoid, but ϕ = 0), we have η = 0, A 1 ≈ a 1 sinθ, and A 2 ≈ a 2 . In the opposite limit of an extended cloud, a 1 a 2 , we obtain tanη ≈ tanϕ/sinθ, A 1 ≈ a 1 1 − cos 2 θ cos 2 ϕ 1/2 , and A 2 ≈ a 2 1 − cos 2 θ cos 2 ϕ −1/2 sinθ. In the new coordinates, the renormalized current density, J X , is described in Appendix A by Eqs. (A11) to (A13), so that Eq. (3) becomes in renormalized form
where ∇ X is the nabla operator in X i , and reduces to Laplace's equation for the potential,
In Sect. 3, we solve Eq. (16) outside the dense plasma cloud, i.e., in the background ionosphere. Far from the cloud, the electrostatic electric field, E = −∇ , approaches asymptotically the external field, E ext .
Within the cloud, we initially presume a uniform electric field, E int , so that on the ellipsoidal interface which separates the dense cloud from the tenuous ionosphere approaches a linearly dependent potential. The spaces inside and outside the cloud are related through conservation of currents that are collected from the ionosphere into one semi-cloud, flow through the cloud, and release back to the ionosphere from the other semi-cloud, see Fig. 2 . In Sect. 4, we calculate the fields and currents within the cloud and show that our presumption of the uniform electric field (and, hence, of the uniform current density) within the cloud is consistent with the ellipsoidal interface and the homogeneous plasma density. This allows us to calculate the internal electric field and thus close the entire solution.
External fields and currents
In this section, we solve Eq. (16) outside the ellipsoid, assuming a given potential = int ≡ −E int · X on the cloudionosphere interface and the asymptotic boundary condition, → −E ext · X far from the interface. Similarly to Dimant et al. (2009) , we extrapolate the internal linear potential to the entire space and introduce ≡ − int . On the ellipsoidal interface, = 0, while far from the cloud asymptotically approaches (E int − E ext ) · X. This reduces the original problem of finding the potential in a highly anisotropic, weakly conducting plasmas to a classic problem of finding the potential around an infinitely conducting ellipsoid embedded in vacuum with a given uniform external field (e.g., Landau and Lifshitz, 1960) . Dimant et al. (2009) describes this approach in detail, so here we only present the crucial steps and give the results.
The solution for = 0 is given by a linear superposition of partial potentials,
where each partial potential is a solution of Laplace's equation with the boundary conditions corresponding to one component of (E int
) far from the cloud. Hence, is solved in terms of ellipsoidal coordinates defined as the three independent real roots of the cubic equation
The largest (and the only positive) root, u = ξ , becomes zero on the boundary surface described by Eq. (12) and tends to infinity as |X i | → ∞. The exact solution for a partial potential is given by
The integrals in Eqs. (19) and (20b) can be expressed in terms of canonical elliptic integrals, as described in Appendix B of Dimant et al. (2009) . Before going any further, we note that results of our specific model should obey one important general relation. At distances from the cloud much larger than the cloud size, the electrostatic potential of the totally neutral, but polarized, cloud should have asymptotically a dipole character. In the renormalized coordinates X, the entire structure of fields and currents is determined by the solution of Laplace's Eq. (16). Then in terms of the dipole moment, D, induced in the cloud by the external electric field, E (0) X , the total asymptotic potential is be given by
It is important that this is a universal expression, in which the specific geometry and internal structure of the distant cloud are hidden within D. As one might expect, our specific solution for the waterbag ellipsoidal cloud also reduces to Eq. (21). Indeed, in the far zone defined by X ≡ (
, we have R ≈ ξ 3/2 and ξ ≈ X 2 , so that Eq. (19) can be written asymptotically as
Following Landau and Lifshitz (1960) , we introduce the individual components of D as
is the ellipsoid volume (in the Xcoordinates) and n i are standard depolarization coefficients closely related to our coefficients i . Then the total electrostatic potential,
Eq. (21). In addition to the continuity of the potential through the ionosphere-cloud interface, the plasma cloud interacts with the ambient ionosphere through the inflowing and outflowing currents. Given the electric field, the current density is determined by Eqs. (A11) and (A12) in Appendix A. The components of the total field are E int X j + E X j , where E X j = −∂ /∂X j is the induced electric field. Note that our definition of the "induced" field differs from the definition of the "polarization" field by Shalimov et al. (1998) , which in our notation would be E X j − E (0) X j . The predominantly Hall response to the internal field E int X j on the cloud boundary is unimportant for the total current balance because the corresponding currents on the opposite symmetric sides of the ellipsoid cancel each other (these currents may slightly distort the cloud shape and affect cloud's overall drift, but these effects are beyond the scope of the present paper). The induced electric field E X j on the ionosphere side of the ellipsoidal interface plays the crucial role in the ionospherecloud current transfer. Since there = 0 this field is normal to the interface. The unit vector normal to the ellipsoidal interface equals X j /(A 2 j √ P ), where
On the interface we have
Y. S. Dimant and M. M. Oppenheim: Plasma cloud in ionosphere: effect of external field where E (i) are the partial components of the induced-field amplitude,
The approximate equality in the right-hand side (RHS) of Eq. (24) is valid on most of the ellipsoidal surface, excluding a narrow vicinity of the largest central cross-section X 2 1 /A 2 1 + X 2 2 /A 2 2 = 0 where X 3 /A 3 A 3 /A 1,2 ≪ 1. On most of the surface we have
, so that the total induced electric field there is directed practically parallel to X 3 with the magnitude given by
In Eq. (26) we neglected a contribution to the induced field that comes from a relatively small field component (E int
). On the ionosphere-cloud interface corresponding to
the normal component of the ionospheric current density, J ext n | X 3B , continues through the interface. On most of the surface, this component is directed mainly along X 3 and is determined by the X 3 -component of the field. Equations (A11) and (A12) from Appendix A give J ext
where, in accord with Eq. (A6a),
(recall that n 0 is the ionospheric density measured in the original coordinate system, x i ). In the next section, we relate the external ionospheric currents to the internal currents on the cloud side of the ionosphere-cloud interface.
Internal fields and currents; closure of entire solution
In the previous analysis, we presumed a uniform electric field and current density inside the ellipsoidal plasma cloud. As- 
In the previous analysis, we presumed a uniform electric field and current density inside the ellipsoidal plasma cloud. Assuming also a mirror symmetry of the current flow with respect to the central plane X 3 = 0, we see that the internal currents within the highly conducting pancake-like cloud should flow only horizontally, J int X3 = 0, as illustrated in Fig. 2 . On the boundary surface, the normal component of the internal current, J int n | X3B , equals the corresponding component of the external current, J ext n | X3B ≈ J ext X3 | X3B . Unlike the external currents that flow mainly along X 3 , the normal component of the internal current is relatively small on most of the boundary surface where suming also a mirror symmetry of the current flow with respect to the central plane X 3 = 0, we see that the internal currents within the highly conducting pancake-like cloud should flow only horizontally, J int X 3 = 0, as illustrated in Fig. 2 . On the boundary surface, the normal component of the internal current, J int n | X 3B , equals the corresponding component of the external current,
Unlike the external currents that flow mainly along X 3 , the normal component of the internal current is relatively small on most of the boundary surface where
where X 3B (X 1,2 ) is defined by Eq. (27). The internal current components J int
, in terms of the internal electric field, are given by Eqs. (A11) and (A12) with
where n int n 0 is the uniform cloud plasma density. Setting J int
where p is defined by Eq. (A13) with q defined by Eq. (A6b). Note that Shalimov et al. (1998) and Shalimov and Haldoupis (2005) 
where we used, according to Eqs. (29) and (31), K int /K ext = n int /n 0 and introduced
Here q and p are defined by Eqs. (A6b) and (A13). As a result, we obtain from Eqs. (30) and (33)
Now, we equate J int n | X 3B to J ext n | X 3B from Eq. (28). The RHSs of Eqs. (28) and (36) have similar structures of their coordinate-dependent terms proportional to X 1,2 /X 3B . This ensures that the uniform internal field is really the proper solution for a uniformly dense ellipsoidal cloud. The spatial dependence of the terms allows one to properly split the equation J int n | X 3B = J ext n | X 3B and calculate separate internal field components.
Note that Eq. (3) of Shalimov et al. (1998) is split into their Eqs. (4) and (5) without justification and we argue that this may lead to highly inaccurate estimate for the fields. Their splitting is based on the idea that two independent currents flow in the east-west and north-south directions due to the potential differences caused by charge accumulation at opposite boundaries of the assumed slab layer. This argument never works, regardless of the specific cloud geometry. The reason is that the current system outside the cloud satisfies ∇ ·J = 0 which reduces to a single second-order differential equation for the electrostatic potential, like Eq. (16). If one considers a uniform ionosphere at distances much larger than the maximum cloud size then the corresponding asymptotic solution is always expressed in terms of the induced dipole moment of the cloud, D, as described by Eq. (21). Given D, the total electric field is determined by the well-known expression
, so that the far-zone ionospheric current system is fully described by Eq. (A11). Expressed in terms of D, the dipolar current flow system is insensitive to the details of the geometry and internal structure of the distant cloud. These assumptions also apply to the slab geometry considered by Shalimov et al. (1998) . The general asymptotic solution results in a structure of currents that can never be split into two independent systems, like the zonal and meridional current flows. The currents in the asymptotic remote regions represent only a part of the entire ionospheric current-closure system, but there is no reason to expect a fundamentally different behavior in the near-cloud zone. Moreover, our exact solution for the ellipsoidal cloud in terms of the coordinate ξ given by Eq. (19) clearly shows that there are not two independent current systems.
We will now proceed with calculating the fields. Equating in the RHSs of Eqs. (28) and (36) the corresponding coefficients in front of X 1,2 /X 3B , we obtain a set of two linear equations,
with the solution given by
For small α i and γ i , the internal electric field, E int X , approaches the external field, E (0) X . In the general case, the direction of the internal field, E int X , is rotated with respect to that of the external field, E (0) X , through an angle φ E determined by
The sign of φ E is determined by the direction of B. In the Northern Hemisphere, where the magnetic field is directed downward, the internal field is rotated with respect to the external field anti-clockwise when looking from above.
Combining Eqs. (38) and Eq. (32) gives the previously unknown components of the internal electric field and thus closes the solution for the potential and currents in the entire space. Using
where we introduced
we obtain the major partial potentials,
Recall that here ξ(X 1,2,3 ) is the only positive root of cubic Eq. (18) and R ξ is defined by Eq. (20a). The total electrostatic potential outside the cloud is given by
where the internal-field components E int
are given by Eqs. (38) and (32).
Using Eq. (26), we obtain the major component of the induced electric field on the ionosphere side of the interface,
so that Eq. (28) gives the common value of the current density normal to the interface,
Similarly to Eq. (30), Eqs. (38) to (45) are valid where
A 3 /A 1,2 . This covers the entire interface, except a narrow belt-like edge around the central plane X 3 = 0. Outside, the current density normal to the interface is mainly due to the parallel flow of electrons along B. These electrons are collected into a semi-cloud, drift there, and return back to the ionosphere from the other semi-cloud, as shown in Fig. 2 . The boundary plane between the two semi-clouds is determined by J n | X 3B = 0, or
The internal current reaches its maximum value, I int max , at this boundary. The current density within the cloud, J int X , is uniform, so that the total internal current through a given cross-section is J int X · S, where the S is the vector whose absolute value equals the cross-section area and where direction lies perpendicular to the cross-section plane. According Eqs. (33) and (41), we have
(and J int X 3 = 0, see above). The section along the plane described by Eq. (46) through the ellipsoid described by Eq. (12) is given by
As a result, we obtain
This current should coincide with the total ionospheric current I ext total which is collected from the ionosphere into one semi-cloud (separated by Eq. 46) and released back from the other semi-cloud. We verify this in order to check the consistency of our mathematical treatment. According to Eqs. (27) and (45), the total collected and released current is given by
where the double integration is carried out over either top or bottom side of one ellipsoid semi-cloud restricted by Eq. (46) and the factor 2 allows for the up-down symmetry of currents with respect to the central ellipsoidal plane, see Fig. 2 . Near the central edge of the ellipsoid, the integrand is less accurate. Fortunately, its relative contribution to the entire integral is negligible, A 3 /A 1,2 ≪ 1. Calculating the integral in Eq. (50) via changing variables from X 1,2 to ρ,φ, where X 1 = A 1 ρ cosφ, X 2 = A 2 ρ sinφ, with the integration domains of 0 ≤ ρ ≤ 1 and φ 0 = arctan[−A 1 µ 1 /(A 2 µ 2 )] ≤ φ ≤ φ 0 + π, we can verify that indeed I ext total = I int max . Equations (32), (38), (42-44), with parameters defined by Eqs. (10), (20), (34), (35), and (41), present the general analytic solution for the electric potentials (fields), both inside and outside the oblate ellipsoidal plasma cloud embedded in a homogeneous ionosphere with an external electric field. Equations (47) and (49), with K ext defined by Eq. (29), describe the current density in the cloud and the corresponding maximum total current. Major features of this solution vary significantly depending upon the relations between the ellipsoidal radii, A i , and the plasma density ratio, n int /n 0 . The next section discusses how these features change with varying n int /n 0 in the limiting case of a round (disk-like) plasma cloud. Appendix B discusses the opposite limit of an extended (rod-like) cloud.
Round cloud (sporadic-E patch)
In this section, we consider a particular but important case of a round (disk-like) cloud, a ≡ a 1 = a 2 , embedded in a vertical magnetic field, θ = 90 • . This particular case is representative for sporadic-E patches at high latitudes.
For this case, one could develop a simpler mathematical treatment from scratch, but in order to avoid repetition, we will use the general expressions obtained in the previous sections. For the vertical magnetic field, the renormalized coordinates in the horizontal plane, X 1,2 = x 1,2 , and X 3 = x 3 . In this case, E X 1,2 = E 1,2 , while E X 3 = E 3 / . Because a round pancake embedded in the vertical magnetic field has a rotational symmetry, we can align the x 1 -axis along the external electric field, so that E (0) 1 = E (0) , where E (0) is the external-field magnitude, and E (0) 2,3 = 0. Additionally, we have for the parameters listed in previous sections, χ,p,η = 0, A 1 = A 2 = a, A 3 = a 3 , 1 = 2 ≈ π/4,
First, we discuss the electric field solution outside the cloud. Unlike the general ellipsoidal cloud, the disk-like interface allows us to express ξ and as simple functions of X i . In this case, cubic Eq. (18) reduces to a quadratic equation with the only appropriate root given by
where R 2 = 3 k=1 X 2 k = x 2 1 + x 2 2 + 2 x 2 3 , A 2 = a 2 + 2 a 2 3 ≈ a 2 . Not too close to the boundary surface, ξ 2 a 2 3 , we can also neglect A 2 3 in the expression for R ξ , Eq. (20a), so that the total potential outside the cloud, Eq. (43), becomes
where E int
− πµ i a/4 and we imply the principal value of arctan. Here Eq. (41) reduces to
Recall that the ratio of µ 1 and µ 2 determines the boundary between the inflowing and outflowing currents, as shown in Eq. (46). This approximate potential given by Eq. (53) satisfies the exact boundary conditions:
can disregard the small-ξ restriction, ξ 2 a 2 3 , and apply Eq. (53) to all locations outside the cloud.
Next, we discuss the uniform fields and currents within the cloud. According to Eq. (38), we have E int 3 = 0, while
From Eq. (55), the magnitude of the internal electric field,
This expression shows that the total internal electric field within the round cloud is always less than the external electric field. This distinguishes the disk-like cloud from the extended cloud discussed in Appendix B. The angle between E int and E (0) , Eq. (39), is determined by
Further, according to Eqs. (47), the internal current density in the original coordinates, x 1,2 , is given by J int 3 = 0 and
where K ext is defined by Eq. (29). The maximum total current, I int max , across the vertical cross-section that separates the inflowing ionosphere currents from the outflowing ones, as depicted in Fig. 2 , is given by Eq. (49) where
and we can further approximate the large factor in the numerator of Eq. (59), (1 + q 2 ) 1/2 ≈ q + (2q) −1 , by merely q. Expressing also α in the numerator of Eq. (59) through Eq. (51a) with n int /n 0 = K int /K ext , we obtain
Using Eq. (A6) for n = n int , we can express I int max in terms of the Hall conductivity within the cloud, σ int H ≈ en int /B, as
We will use either Eq. (60a) or (60b) for qualitative interpretation in each of the two limiting cases discussed below. Introducing dimensionless polar coordinates ρ and φ x via x 1 = ρacosφ x , x 2 = ρasinφ x , we obtain from Eq. (44) the parallel electric field on the ionosphere side of the ellipsoid boundary,
2 )/a 2 and Figure 3 shows an example of the spatial distribution of ∆E 3 | x3 over a cloud. The densities of the ionospheric currents that flow through the ionosphere-cloud interface, J n | x3B , are proportional to ∆E 3 | x3 , and have the same spatial distribution. The parallel electric field goes to zero at the dividing plane defined by Eq. (46) and formally grows to infinity when approaching the cloud edge ρ = 1. This is, however, valid only for (1 − ρ 2 ) 1/2 a 3 /a. In the narrow belt-like area around x 3 = 0 where this restriction is lifted, the field actually saturates at a large but finite value corresponding to a very small factor in the denominator of the RHS of Eq. (61), namely,
Now we discuss the dependence of the fields and currents on the plasma density ratio n 0 /n int .
This dependence shows up via the parameter α in Eq. (51a). Since the latter is essentially a ratio of Introducing dimensionless polar coordinates ρ and φ x via x 1 = ρa cosφ x , x 2 = ρa sinφ x , we obtain from Eq. (44) the parallel electric field on the ionosphere side of the ellipsoid boundary,
where ρ 2 = (x 2 1 + x 2 2 )/a 2 and
(62) Figure 3 shows an example of the spatial distribution of E 3 | x 3 over a cloud. The densities of the ionospheric currents that flow through the ionosphere-cloud interface, J n | x 3B , are proportional to E 3 | x 3 , and have the same spatial distribution. The parallel electric field goes to zero at the dividing plane defined by Eq. (46) and formally grows to infinity when approaching the cloud edge ρ = 1. This is, however, valid only for (1 − ρ 2 ) 1/2 a 3 /a. In the narrow belt-like area around x 3 = 0 where this restriction is lifted, the field actually saturates at a large but finite value corresponding to a very small factor in the denominator of the RHS of Eq. (61), namely, (1 − ρ 2 ) 1/2 ∼ a 3 /a. Now we discuss the dependence of the fields and currents on the plasma density ratio n 0 /n int . This dependence shows up via the parameter α in Eq. (51a). Since the latter is essentially a ratio of two small parameters, a 3 /a and n 0 /n int , it spans a broad range from small to large values. Before going any further, we note the following. Because at the altitudes of interest the parameter q 2 is large, then for both large and small values of α, one can approximate expressions like (1+α) 2 +q 2 α 2 by just 1+q 2 α 2 . This or similar approximations can be employed in simple estimates as valid interpolations for all values of α, so that in all the above relations that involve such expressions depend largely on the value of the product qα, rather than on q and α separately.
We discuss now two opposite limits of small and large qα. For a low-density cloud where qα = π a 3 n int 4an 0
we have, using Eq. (60b),
In this limit, the induced field is relatively small, while the external field mostly penetrates into the cloud. As a result, the maximum current through the cloud in Eq. (64) depends largely on this field and the cloud plasma density, n int ≈ Bσ int H /e, while it is virtually independent of the ionosphere density, n 0 . The maximum current through the cloud in this case is mostly the Hall current density caused by the external field, σ int H E (0) , multiplied by the maximum horizontal cross-section of the cloud, π aa 3 .
This limit of small qα has a simple physical meaning. Although the cloud density is much larger that that of the ambient ionosphere, the latter still has enough charge carriers to close the current driven within the cloud by the nearly unaltered external electric field. Charge polarization at the sharp cloud edges, as well as small charge separation in the ambient ionosphere, create additional polarization fields which are small compared to the external field, but sufficient to sustain the required ionospheric current closure. This explanation suggests that the regime when the external field mostly penetrates into the cloud should take place for rather generally shaped clouds with the non-homogeneously distributed plasma density. In such cases, the internal current is simply determined by the cloud conductivity, while the configuration of the closing ionospheric currents requires a solution of Eq. (3) for the specific cloud geometry and plasma density distribution.
For higher density ratio, n 0 /n int , corresponding to qα ∼ 1, we have general Eqs. (56) to (62), where we must retain q 2 α 2 ∼ 1 but, due to q 2 1, can neglect α which in this case is small in comparison with unity. −2 ), so that qα = 2. Further, a = 1 and the external electric field is directed along X 1 :
The central circular area of X 2 1 + X 2 2 = 1 corresponds to the position of the disk-like cloud at X 3 = 0. The boundary between cross-sections intersecting the cloud and those that lie outside it corresponds to X 3 = a 3 , where a 3 = 0.01 is the cloud radius in a vertical direction. Only in (a) the cross-section intersects the cloud; in all three other cases, the cross-sections lie fully outside the cloud. Notice, however, a close similarity between the potentials in (a) and (b). Here α = 0.1, q = 20 (corresponding to ψ 8.6 × 10 −2 ), so that qα = 2. Further, a = 1 and the external electric field is directed along X 1 :
The central circular area of X 2 1 + X 2 2 = 1 corresponds to the position of the disk-like cloud at X 3 = 0. The boundary between cross-sections intersecting the cloud and those that lie outside it corresponds to X 3 = a 3 , where a 3 = 0.01 is the cloud radius in a vertical direction. Only in (a) the cross-section intersects the cloud; in all three other cases, the cross-sections lie fully outside the cloud. Notice, however, a close similarity between the potentials in (a) and (b).
for any clouds, although the characteristic scales may differ significantly. Panel (a) shows the horizontal distribution of the potential in the central plane that intersects the cloud. Within the cloud area, one can clearly see the internal electric field rotated with respect to the external field. Outside the cloud near its boundary, one can see a sharp transition to a potential which approaches the linearly dependent potential corresponding to the external electric field at a rather short horizontal distance from the cloud. It is interesting that essentially the same potential distribution, but without a smoothen transition, takes place even well beyond the cloud (see panel (b) corresponding to X 3 = 0.03 > α 3 = 0.01). At a larger vertical distance from the cloud, X 3 = 0.1 (c), the internal field still clearly differs from the external field, both in the magnitude and direction. However, as X 3 increases further, X 3 = 0.3 (d), the effect of the cloud gradually disappears. The spatial distribution of the potential is virtually insensitive to the smallest (vertical) cloud size; for any oblate clouds, A 3 a, the corresponding figures look essentially indistinguishable from Fig. 4 . This is, however, only true if we are not interested in the near-cloud vertical electric field, E X 3 , and currents; the two may depend strongly upon the vertical cloud size. The vertical distances over which the cloud effects disappear are comparable to the horizontal cloud size, a = 1 (but less than 1). These distances characterize the effective size of the near-cloud region where spatial uniformity of the background ionosphere density and external electric field, which are not included in this model, can affect the entire electrodynamic structure. Beyond this region, all inhomogeneities, including other clouds, F region, etc., should not exert a significant influence on the near-cloud fields and currents. Note that the configurations of the internal field and current in the intermediate case of qα ∼ 1 are more sensitive to the specific choice of the cloud geometry than in the case of qα 1.
As the density ratio n 0 /n int grows further, we pass to the opposite limit of qα = π a 3 n int 4an 0
where, according to Eqs. (60a) and (A6a),
In this limit, the internal field becomes much less in magnitude than the external field and lies practically orthogonal to the latter. Because the cloud is nearly equipotential, the induced field outside it reaches its maximum possible value. We see that at φ x −φ J and, especially, on approaching the cloud edge on the margin of Eq. (61) applicability, (1 − ρ 2 ) 1/2 ∼ a 3 /a, the induced electric field parallel to B can reach large values E 3 | x 3B ∼ aE (0) /a 3 E (0) . Even a moderate external field of E (0) ∼ 1 mV/m and a/a 3 ∼ 100, will generate near the cloud edges parallel electric fields of E 3 | x 3B ∼ 100 mV/m, which can raise the electron temperature significantly (Dimant et al., 2009) . At midlatitudes, the electric field component perpendicular to B should also increase. However, this does not necessarily mean a proportional improvement in the conditions required for generation of E-region instabilities because the elevated electron temperature raises the instability threshold. A more accurate quantitative prediction requires a self-consistent inclusion of strong local electron heating into the model, which is beyond the framework of this paper. Note also that the estimated field of around 100 mV/m should be a rare event because for large clouds it is not so easy to reach the limit required by Eq. (66), as we discuss below. One might expect that near-cloud fields will typically reach a few tens of mV/m.
In the limiting case of Eq. (66), the total current in the cloud, I int max , is determined almost entirely by the charge collection from the ionosphere and is virtually independent of the cloud plasma density. The total collection current from the ionosphere, I ext total = I int max , is proportional to the ionospheric density and is mainly caused by electrons drifting along B. On most of the cloud interface, this electron drift is a response to the induced electric field E 3 ∼ E (0) , which is nearly parallel to B. The maximum cloud current determined by Eq. (67) (69)
For typical sporadic-E layers, a 100 km, and moderate values of the external field, E (0) 1 mV/m, the saturated current through the cloud can reach tens of kiloamperes, comparable to the electrojet currents. However, the larger the cloud horizontal radius a (compared to its vertical thickness, a 3 ), the more difficult it is to reach the dense-cloud limit of qα 1. Indeed, according to Eq. (51b), if we have a 3 1 km, a 100 km, ψ 0.1 then, in order to reach this limit, we need a density ratio of n int /n 0 4 × 10 2 . For lower-density sporadic-E layers, n int ∼ 10 11−12 m −3 , under nighttime ionosphere conditions, n 0 10 10 m −3 , this limit is barely reachable. Nevertheless, even in a more realistic case of qα ∼ 1, the total current through one or more clouds can be quite significant and affect the entire ionospheric conductance, as we discuss at the end of this section.
For non-zero θ and a non-round cloud, analytic expressions are more complicated but, for comparable a 1 and a 2 , the major results are qualitatively the same. An important result is that there should be no amplification of the electric field inside the cloud, mainly its rotation and reduction. However, the field can increase significantly outside the cloud. This has an important implication for excitation of Farley-Buneman and other E-region instabilities at midlatitudes (Haldoupis et al., 1996) .
The strongest induced electric field outside the cloud is near the cloud interface, where it is perpendicular to it. Only the field component perpendicular to B can drive instabilities, while the parallel component can only heat electrons. At first glance, this mechanism of instability generation seems to be more relevant for midlatitudes where the magnetic field is far from vertical. However, at the high-latitude electrojet, especially during strong magnetospheric perturbations, small (90 • − θ ) can be compensated by much higher external electric fields.
To conclude this section, we now calculate effective ionosphere conductances associated with currents that flow through a sporadic-E cloud. These conductances can be added to the conventional conductance models used for magnetosphere-ionosphere coupling in global MHD simulations of the magnetosphere (e.g., Fedder et al., 1995; Raeder et al., 2001; Ridley et al., 2004) . Some modifications of the conventional conductances have been invoked, e.g., to reconcile disagreements of model results with observations of cross-cap potentials (Merkin et al., 2005) . The inclusion of sporadic-E layer conductances are of special importance for nighttime side of the high-latitude ionosphere where, in existing models, only conductance modifications associated with particle precipitation have been taken into account.
The conventional global ionospheric conductance tensor has a simple structure with only two independent parameters, namely, the Pedersen and Hall conductances, P,H . As this paper demonstrates, sporadic-E clouds can easily be polarized, and the corresponding effective conductance tensors in the general case have a more complicated structure which depends on the cloud orientation. However, for the rotationally symmetric clouds in a nearly vertical magnetic field, the effective conductance tensor reduces to also just two independent conductances, eff P,H similar to P,H . In global MHD simulations, the entire ionosphere represents a thin boundary layer with given conductances. This implies that the electric field inside it is uniform, mapped from the magnetosphere. Such an approach disregards local electric-field inhomogeneities caused by polarization of sporadic-E clouds. To calculate the effective Pedersen and Hall conductances, eff P,H , to be included into global MHD codes, we need to integrate the corresponding components of the current density over the vertical thickness of the cloud and divide them by the external electric field magnitude, eff P = J int 1 dx 3 /E (0) and eff H = J int 2 dx 3 /E (0) . Here the external electric field E (0) approximates the global magnetospheric field. Because the current densities given by Eq. (58) are uniform, the integration over altitudes within the cloud, at a given horizontal location determined by the coordinates x 1,2 , reduces to a simple multiplication by the corresponding cloud thickness, 2x 3B (x 1,2 ) = 2a 3 1 − x 2 1 + x 2 2 /a 2 1/2 . Using Eqs. (58) with µ 1,2 defined by Eq. (54), where α in the numerators is expressed by Eq. (51a) and K ext expressed as (n 0 /n int )σ int P / , we obtain
Here, for magnetized electrons and unmagnetized ions, σ int P ≈ (1 + ψ) 0 n int e/(B √ ψ) and σ int H ≈ n int e/B, as given by Eq. (5). Note that the multipliers 2a 3 σ int P,H [1 − (x 2 1 + x 2 2 )/a 2 ] 1/2 in Eq. (70) describe conductances associated with the increased number of charged carriers within the cloud, while the additional factors describe the effects of cloud polarization. For any values of α, in accord with simple interpolation estimates discussed above, we can approximate 1 + α + q 2 α by 1 + q 2 α, so that the ratio of the two effective conductances becomes
This ratio remains the same as for the regular ionosphere conductances, eff P / eff H P / H 1 only in the limit of very small qα, when q 2 α 1. In this case, eff H ≈ 
because in this limit the external field mostly penetrates into the cloud, as described by Eq. (64).
In the opposite limit of large qα, Eq. (66), the cloud polarization plays a crucial role. In this case, the effective Pedersen conductance can exceed significantly the effective Hall conductance, eff P / eff H qα 1. This is of paramount importance for global magnetospheric modeling, because makes the ionospheric current closure more efficient. We should bear in mind, however, that in this case the largest conductance, eff P , can differ noticeably from that calculated without the effect of cloud polarization,
In the intermediate case of qα ∼ 1, we approximate Eq. (70) by 
so that the Pedersen conductance proves to be comparable to the Hall one, eff P qα eff H , reaching at most about a half of the maximum Hall conductance given by Eq. (72). For typical sporadic-E clouds with a 3 ∼ 1 km and n int ∼ 10 12 m −3 , eff P can reach a few mho, which is comparable to typical daytime ionosphere conductances, P,H 20 mho (Moen and Brekke, 1993) . This means that the effect of sporadic-E clouds may play an important role in providing conductance in the nighttime high-latitude ionosphere and should be taken into account in global magnetosphere-ionosphere coupling models.
Summary and conclusions
In this paper, we have studied the 3-D electrodynamic interaction of an external electric field with a dense plasma cloud embedded in the lower-E/upper-D ionosphere. To make an analytic solution possible, we have employed a simplified physical model with the following major assumptions: (1) uniformly dense plasma cloud bounded from the background ionosphere by an oblate 3-D ellipsoid; (2) homogeneous and unbounded tenuous ionosphere; (3) uniform external electric field perpendicular to the magnetic field B. Using this model, we have obtained the general analytic solution for the electric potential and currents in the entire space and have discussed limiting cases. While the actual situation is more complicated, our analytic solution gives an understanding of various regimes depending on crucial parameters and for quantitative estimates of the expected physical effects.
The major quantitative results of our analytic model can be summarized as follows. The 3-D electric field and current depend upon the relations between the ellipsoid semi-axes and the ratio of the plasma densities within the cloud and surrounding ionosphere. Outside the cloud, the electric field on the ionospheric side of the interface are described in the general case by . This field lies perpendicular to the interface and can have a significant component parallel to B. Within the ellipsoidal cloud, the uniform electric field and current density are described by Eqs. (32), (38), and (47). The internal electric field is rotated with respect to the external field, while its amplitude can be both larger or smaller that that of the external field. The maximum total current collected from the ionosphere in one semi-cloud and released from the other semi-cloud is given by Eq. (49). It can be quite significant, especially in the important particular case of a disk-like cloud, Sect. 5.
The latter model can serve as a reasonable approximation to actual sporadic-E layers. In this case, the internal electric field never exceeds the external field, while on the ionospheric side it can be larger. For low-density clouds, the external field penetrates into the cloud, so that the internal cloud current there is determined by the cloud conductivity. The induced electric field and collected ionospheric currents in this case are relatively small. For denser clouds, the internal electric field cannot easily penetrate, leaving an almost equipotential cloud. In this case, the total current through the cloud nearly reaches its saturation value determined by the ionospheric conductivity, Eqs. (67) and (69). The induced electric field on the ionospheric side of the ellipsoidal interface also reaches its maximum values, Eq. (68). All these effects are fundamentally three-dimensional. Estimates show that sporadic-E clouds can make noticeable local contributions to ionospheric conductances at nighttime side. This is of importance for modeling magnetosphere-ionosphere coupling in global MHD simulations used for Space Weather predictions.
This analytical model can be employed for simple estimates of near-cloud fields and currents for specific cloud sizes and average plasma parameters. More realistic studies will require including ionospheric and cloud-plasma inhomogeneities, as well as global layers of distinct ionospheric conductivities, temporal variability of fields and plasmas and simultaneous presence of several separate plasma patches. All these important factors seriously hinder analytical studies, but they could be included in future powerful computer simulations.
Appendix A Coordinate transformations
In this Appendix, we make coordinate transformations that allow us to reduce Eq. (3) to Laplace's Eq. (16), while keeping the simple canonical form for the ellipsoidal plasma cloud. We express these linear transformations in matrix form, so that sequential coordinate transformations are described by multiplication of the corresponding matrices.
In order to efficiently apply Eq. (4), we need a coordinate system aligned with the magnetic field. To reach this, we rotate our original coordinates in such a way that the new axis x 3 becomes directed along B, x 2 becomes perpendicular to axes x 3 and x 3 , while the remaining axis x 1 keeps its required perpendicularity to the new axes x 2 and x 3 , see Fig. 1 . This coordinate rotation, x i = 3 k=1 ∂x i /∂x k x k , can be described by the transformation matrix (4) and (5) involve parallel and Pedersen conductivities with strongly different contributions to Eq. (3). To simplify this equation by making the contributions alike, we make our second coordinate transformation via rescaling the coordinate along B,
while keeping invariant the two other coordinates, X 1,2 ≡ x 1,2 . Here ≈ 0 (1 + ψ) 1/2 , Eq. (7), is a small parameter because both 0 , Eq. (6), and 0 ψ 1/2 = ν en / e are small. This linear transformation, X i = 3 k=1 ∂X i /∂x k x k , is described by a simple diagonal matrix 
The inverse transformation is described by the inverse matrix [∂X i /∂x k ] −1 = ∂x k /∂X i , which coincides with [∂X i /∂x k ], except for the last diagonal component, ∂x 3 /∂X 3 = 1/ . Rescaling is not a unitary operation, so that covariant and contravariant vectors transform differently. Additionally, the plasma density changes: the plasma "density" in the X k -coordinates, N, is related to the original plasma density, n, as N/n = det ∂x k /∂X i = 1/ . The covariant electric field transforms according to E X i =
with the final conductivity tensor
where K and q are defined by Eq. (A6), while
When compared to Eq. (A5), Eq. (A12) contains additional off-diagonal Hall terms proportional to p, which originate from the final coordinate rotation. Besides, while the factors cosχ in the large terms ∝ q cosχ are actually close to unity, we retain them anyway in order to ensure the invariance of det σ
The antisymmetric off-diagonal terms in the RHS of Eq. (A12) do not contribute to the divergence of the current density, so that in the X i -coordinates Eq. (3) becomes Eq. (15) and reduces to Laplace's Eq. (16).
